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Motivation

Societal relevance
» Goundwater management;
» Geological CO; storage;
» Biofilm growth in porous media;
» Oil recovery;

» Phase change (Stefan).

Mathematical challenges

» Nonlinear, possibly degenerate equations British Geological Survey
. . . https:// .bgs.ac.uk/
(slow/fast diffusion), multi-valued operators; B s A
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» Heterogeneous media (jump-type
discontinuities), interfaces.
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Motivation

Application: variably saturated flow in porous media
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» Mathematical framework
» Linear iterative schemes
| 2

Space-time discretisation (adaptivity & linearisation)
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The Richards equation (porous media flows)

9:0(¢) =V - (k(0(9)) V(¢ + 2)) = 0
Features:
» Given functions relationship as 8 = 0(v)), k- = k-(8(%)))

> Doubly degenerate problem: 0" = 0 (fast diffusion), resp. 0’ — oo, or k, = 0
(slow diffusion)

» Change of type, free boundaries, lack in regularity, infinite gradients
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The Richards equation (porous media flows)

9:0(¢) =V - (k(0(9)) V(¢ + 2)) = 0
Features:
» Given functions relationship as 8 = 0(v)), k- = k-(8(%)))

> Doubly degenerate problem: 0" = 0 (fast diffusion), resp. 6’ — oo, or k, =0
(slow diffusion)

v

Change of type, free boundaries, lack in regularity, infinite gradients

v

Kirchhoff transform:

P
w = B(y) = / k:(0(z))dz, thus Vw = k(0(¢)) Ve,

O = Aw + 8, (k.(u)) with u=0(3(w)).

Note: w = 3(0 " (u)); w is more regular, but 0 < Z”(())

< o0
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Mathematical framework

Let T > 0and Q C RY (d € No) be a bounded, Lipschitz domain. Consider
Ou+V - -F(u)y=Aw, in (0, T] xQ, with w € ®(uv),
and for given boundary (e.g. homogeneous Dirichlet) and initial conditions.

Assumptions:

(A.1) & :[0,b) — [0,00) is C, increasing and locally Lipschitz;
® can become multivalued, or infinite at b € (0, oo];
@' is strictly increasing in [0, &) for some & € (0, 1].

(A.2) F:R — R" is s.t. there exists an Lf > 0 s.t.

[F(u) — F(v)|* < Lelu — v]|®(u) — d(v)].

Richards equation (example): ®(u) = (07 *(uv)).
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Examples

Biofilm type (case I)

Richards type
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Figure: ® as a multivalued graph (left); ® may become infinite (right).
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Idea

Use the auxiliary functions:
b,B:R—R sit. Bobt=9¢, 0<b,B'<1l,and 1<b +B.
and an additional unknown s to reformulate the equation as?
Oru+V -F(u)=Aw, in(0,T] x Q,

with u=b(s) and w=B(s), ae. in(0,T]xQ.

1Brenner, Cances '17
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Idea

Use the auxiliary functions:
b,B:R—R sit. Bobt=9¢, 0<b,B'<1l,and 1<b +B.
and an additional unknown s to reformulate the equation as?
Ou+V -F(u)=Aw, in (0,T] x Q,

with u=b(s) and w=B(s), ae in(0,T]xQ.

Construction of b and B:

b(s) = /05 min {1, L} dp, B(s) = /05 min {1,®'(p)} dp.

®'(p)

1Brenner, Cances '17
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The functions ¢, b and B
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Figure: The function ® and the auxiliary functions b, B.
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Weak solutions

Problem WP: (homogeneous Dirichlet boundary conditions)
Find (u,w) € H'(0, T; H71(Q)) x L*(0, T; Hy(R)) s.t. w € &(u) a.e., u(0) = uo
(in H7') and for all ¢ € L2(0, T; H3(Q)),

(Oeu, ) + (Vw — F(u), V) = 0.
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Weak solutions

Problem WP: (homogeneous Dirichlet boundary conditions)
Find (u,w) € H'(0, T; H71(Q)) x L*(0, T; Hy(R)) s.t. w € &(u) a.e., u(0) = uo
(in H7') and for all ¢ € L2(0, T; H3(Q)),

(Oeu, ) + (Vw — F(u), V) = 0.

» Existence, uniqueness of weak solutions, continuity: van Duijn, Peletier '82,
Alt, Luckhaus '83, Otto '96, Carillo '99, P, Schweizer '11, Ziemer '82,
Cances, Gallouét '11, Horger, Kuttler, Wohmuth, Zhigun '14, Liao 20,
Mitra, Sonner '23

> Often: ®(:) & d.(-), with 0 < e < P.(-) <

a | =

(regularization)
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Weak solutions

Problem WP: (homogeneous Dirichlet boundary conditions)
Find (u, w) € HY(0, T; H1(Q)) x L?(0, T; H3(R)) s.t. w € &(u) a.e., u(0) = uo
(in H7') and for all ¢ € L2(0, T; H3(Q)),

(Oeu, ) + (Vw — F(u), V) = 0.

» Existence, uniqueness of weak solutions, continuity: van Duijn, Peletier '82,
Alt, Luckhaus '83, Otto '96, Carillo '99, P, Schweizer '11, Ziemer '82,
Cances, Gallouét '11, Horger, Kuttler, Wohmuth, Zhigun '14, Liao 20,
Mitra, Sonner '23

> Often: &(-) =~ d.(-), with 0 < e < ®L() < % (regularization)

» Numerical schemes, Euler implicit + FEM/MFEM, FV, MPFA, DG, GDM:
Nochetto, Verdi '88, Jager, Kaéur '91, '95, Rulla, Walkington '96, Arbogast,
Wheeler, Zhang '96, Yotov '97, Riviere, Wheeler, Banas '00, '02, Radu, P.,
Knabner '04, '09, Wheeler, Yotov '05, Eymard, Vohralik, Hilhorst '06,
Klausen, Radu '08, Bause '08, Peszynska, Yi '08, Vohralik, Wheeler '14,
Cancés, P., Vohralik '14, Berardi et al. '20, Droniou, Le '20, Canceés et al.

'21, Berardi, Difonzo '22
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Euler implicit discretisation

Scalar equation

9eb(s) + V - (F(b(s)) — VB(s)) = 0,

LCancés et al. '21, Smeets et al. '25, Javed, Mitra, P. '26
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Euler implicit discretisation

. Double split
Scalar equation

Ou+V-Flu) = Aw,

9eb(s) + V - (F(b(s)) — VB(s)) = 0, v o= b(s),

w = B(s)

LCancés et al. '21, Smeets et al. '25, Javed, Mitra, P. '26
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Euler implicit discretisation

. Double split
Scalar equation

Deb(s) + V - (F(b(s)) - VB(s) =0, TV F(”3 - bA(VSV)

w = B(s)

Regularization: € > 0

s

be(s) = /Os max{e, b'(z)}dz and B.(s) = /0 max{e, B'(z)}dz

LCancés et al. '21, Smeets et al. '25, Javed, Mitra, P. '26
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Euler implicit discretisation

i Double split
Scalar equation

Ou+V-Flu) = Aw,
0ub(s) + ¥ - (F(b(s)) — VB(s)) =0, ) — b,

w = B(s)

Regularization: € > 0

s

be(s) = /Os max{e, b'(z)}dz and B.(s) = /0 max{e, B'(z)}dz

Euler implicit* n € N, 7= T/n, tx = kT, k =1,n, ¥ = ¢(tx) , ¢ € {s,u,w}

LCancés et al. '21, Smeets et al. '25, Javed, Mitra, P. '26
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Euler implicit discretisation

i Double split
Scalar equation

Ou+V-Flu) = Aw,
0ub(s) + ¥ - (F(b(s)) — VB(s)) =0, ) — b,

w = B(s)

Regularization: € > 0

s

be(s) = /Os max{e, b'(z)}dz and B.(s) = /0 max{e, B'(z)}dz

Euler implicit* n € N, 7= T/n, tx = kT, k =1,n, ¥ = ¢(tx) , ¢ € {s,u,w}
be(s*) — be(s"" ) + 7V - (F(be(s")) — VB:(s")) = 0, or
U = u T 7V F(UF) = rAwk, UF = bo(sY), wh = B.(sY),

+ your favorite spatial discretisation (FV, MPFA, (M)FEM, DG, GDM, ...)

LCancés et al. '21, Smeets et al. '25, Javed, Mitra, P. '26
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Iterative schemes: Newton

Iteration index i: assume s*'~! and s~ given. Solve!

BL(sK (54 — 41 + bo(sKY) — bo(s*7Y)
+7V- (( o b. ) (s kyi— 1)(5ki Sk,i—1)+ F(ba(sk,i—l)))

— A (BE(Sk,ifl) + Bé(sk,ifl)(sk,f . Sk,ifl))'

ICelia et al. '90, Bergamaschi, Putti '99
2Radu, P, Knabner '05
3Casulli, Zanolli '10, Brenner, Cancés '17
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Iterative schemes: Newton

Iteration index i: assume s*'~! and s~ given. Solve!

BL(sK (54 — 41 + bo(sKY) — bo(s*7Y)
+7V- (( o b. ) (s kyi— 1)(5ki Sk,i—1)+ F(ba(sk,i—l)))

— A (BE(Sk,ifl) + Bé(sk,ifl)(sk,f . Sk,i—1)>'

Rem: Quadratic convergence is guaranteed (mathematically rigorous) if*:

1. b’, B’ are Lipschitz, and the model is regularised (i.e. € > 0),

2. the initial guess is s*° = s¥~1, and

3. the time step is subject to severe constraints, 7 = O(h?) (h - mesh size).

ICelia et al. '90, Bergamaschi, Putti '99
2Radu, P, Knabner '05
3Casulli, Zanolli '10, Brenner, Cancés '17
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Iterative schemes: Newton

Iteration index i: assume s*'~! and s~ given. Solve!

BL(sK (54 — 41 + bo(sKY) — bo(s*7Y)
+7V- (( o b. ) (s kyi— 1)(5ki Sk,i—1)+ F(ba(sk,i—l)))

— A (BE(Sk,ifl) + Bé(sk,ifl)(sk,f . Sk,i—1)>'

Rem: Quadratic convergence is guaranteed (mathematically rigorous) if*:

1. b’, B’ are Lipschitz, and the model is regularised (i.e. € > 0),

2. the initial guess is s*° = s¥~1, and

3. the time step is subject to severe constraints, 7 = O(h?) (h - mesh size).

Improvements: Convex-concave splitting, change of parameterisation®

ICelia et al. '90, Bergamaschi, Putti '99
2Radu, P, Knabner '05
3Casulli, Zanolli '10, Brenner, Cancés '17
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Iterative schemes: L-scheme

k,i

With L > 0 large enough, assume s~ and s*~! given. Solvel

L(Sk‘i _ Sk,i—l) + b(sk,i—l) _ b(skfl) =+ TV - F(b(sk,i—l))

= 7A(B(s ) + L(s — s47).

1P, Radu, Knabner '04, List, Radu '16, Radu et al. '18, Cances et al '21, Smeets et al.

'25, Javed, Mitra, P. '26
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Iterative schemes: L-scheme

k,i

With L > 0 large enough, assume s~ and s*~! given. Solvel

L(s®" = s%=1) 4 b(s*71) — b(s*1) + 7V - F(b(s"'71))
= TA(B(sk”'*l) +L(s* — Sk,i71)>‘

Rem: Convergence is linear/contraction, but under less restrictive conditions!
1. b, B are Lipschitz and increasing, L > 1 max{Ly, Lg} (here L > 1);
2. Mild constraints on 7 (7 < C), not depending on h or the discretisation;
3. No regularisation needed, ¢ = 0;
4. No restriction for the initial guess;
5

. Convergence rate p = ||s*" — s¥||/||s*"~! — s¥|| decreases with L,
p=L/(L+ Cr);
6. Works for Hélder-continuous b, B (e.g. b(s) = Cs® for some o € (0, 1)),
worse convergence rate.
1P, Radu, Knabner '04, List, Radu '16, Radu et al. '18, Cances et al '21, Smeets et al.

'25, Javed, Mitra, P. '26
| »» | UHASSELT



Iterative schemes: M(odified L)-scheme

Assume that A > 0 exists s.t. ||s* — sk’lHLm(Q) < 7A, and b, B’ - Lipschitz.
Take s“° = s*~1. For i > 0, given s'~! k=1 solve

and s*~
LL,k(Sk.i _ sk,ifl) + bs(sk,i—l) _ bs(sk—l) + TV - F(b(sk,ifl)
= 7A(Bo(s51) 4 Ly u(s* = 571)), where

Ly = Myt + max{b.(s""1), My} with My > A||b”||o and similarly for Lj .

IMitra, P. '19, Javed, Mitra, P. '26
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Iterative schemes: M(odified L)-scheme

Assume that A > 0 exists s.t. ||s* — sk’lHLm(Q) < 7A, and b, B’ - Lipschitz.
Take s“° = s*~1. For i > 0, given s'~! k=1 solve

and s*~
LL,k(sk.i _ sk,ifl) + bs(sk,i—l) _ bs(sk—l) + TV - F(b(sk,ifl)
= 7A(Bo(s51) 4 Ly u(s* = 571)), where
Ly = Myt + max{b.(s""1), My} with My > A||b”||o and similarly for Lj .

Lemma: Assume b € C?, the initial data in H', and that B’ > mg > 0 (but still,
£ > 0). One has ||s*" — s¥||(0c(q) < TA for all i.

IMitra, P. '19, Javed, Mitra, P. '26
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Iterative schemes: M(odified L)-scheme

Assume that A > 0 exists s.t. ||s* — sk’lHLm(Q) < 7A, and b, B’ - Lipschitz.
Take s“° = s*~1. For i > 0, given s'~! k=1 solve

and s*~
LL,k(Sk.i _ sk,ifl) + be(sk,i—l) _ bs(sk—l) + TV - F(b(sk,ifl)
= 7A(Bo(s51) 4 Ly u(s* = 571)), where
Ly = Myt + max{b.(s""1), My} with My > A||b”||o and similarly for Lj .

Lemma: Assume b € C?, the initial data in H', and that B’ > mg > 0 (but still,
£ > 0). One has ||s*" — s¥||(0c(q) < TA for all i.

Theorem: The modified L-scheme converges linearly in H' with convergence rate

p=vVM/M+G),

for some C; > 0. In the non-degenerate case (or if € > 0), a G, > 0 exists s.t.

p =min{p, G7}.

IMitra, P. '19, Javed, Mitra, P. '26
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Double split formulation

Split formulation® (three unknowns, s, u, w!)

Ou+V-Flu) = Aw,
u = b(s),
w = B(s)

and its Euler implicit discretisation (no regularization needed!)

v —uF TV F(WR) = rAwk,
ut = b(s"),
wh = B(s)

(+ your favourite spatial discretisation scheme).

LCances et al '21, Smeets et al. '25, Javed, Mitra, P. '26
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Double split formulation: iterative schemes

Fori=1,2,..., given 5,71 %=1 solve
T AW = 47V F(uk"fl)
ki ki ki kyi—1 ki kyi—1
ue' —L's = b(s )—Ly's ,
kyi ki ki kyi—1 ki k,i—1
w' —Lg's = B(s )—Lg's .

Start with s¥0 = sk—1,
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Double split formulation: iterative schemes

Fori=1,2,..., given 5,71 %=1 solve
T AW = 47V F(uk"fl)
ki ki ki kyi—1 ki kyi—1
ue' —L's = b(s )—Ly's ,
kyi ki ki kyi—1 ki k,i—1
w' —Lg's = B(s )—Lg's .

Start with s*° = s*=!. The choice of L’;’i7 LE"" defines the scheme.
> Newton: [P/ = b/(s"/71), L' = B/(s*'71)
> L-scheme (0 <e<<1): Ly = L5 =1+e (>max{|[b| o, |Bl|c0);
» M-scheme:
Ly" = min{l+e, Mr+ max{Mr, b’(sk’i’l)}},
Lg" = min{l+e M7+ max{Mr, B’(sk"’l)}},

where M > Amax{|[b”|sc, [|B"[|oc }, A > 0 s.t. ||s* — 557|100y < TA.
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Double split formulation: iterative schemes

Theorem (convergence)': Under the assumptions for the L/M-scheme, one has
Jim [IIV(w* = B+ 11" = ¥l + [0 = b(s*)lln | = 0

Rem: Better convergence in the non-degenerate case (contraction).

Stopping criterion:

H(LI;,i)l/2(LI‘;,i)71/2(sk7i _ sk,ifl)

2@ —

1Javed, Mitra, P. '26
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Double split formulation: adaptive choice of M

A-posteriori analysis (Mitra, Vohralik '23, Stokke et al '23)
Let V = [3(Q) x H§(Q) and define the residual R}

V=V
(Ri((s, w)), (¥, ¢))

(b(s) — uk—1,9) + 7(Vw, V)
—7(F(b(s)), Vi) + (LY (B(s) — w), ).

Define the iteration-dependent bilinear form a} : V x V — R,

(5, W), (€:9)) 1= (Lp"s,0) + T(Vw, V) + (L5 (L

W),§> .
Note: One hase aj (s, w), (s, w)) = [, Ly'Lg's* + 7|Vw|?dx. This gives the
iteration-dependent norms on V/, respectively V

I(s, w)|l,i [ak ((s, w), (s, W))}% for any (s, w) € V,
i = su (v, 9)) or an *
€l-1i = suP(y gev 0. s for any £ € V*.
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Double split formulation: adaptive choice of M

Given i >0 and s) = si_1,s, ' € L*(Q), at iteration i one finds (s, w;) € V s.t.
(5" = s W = W), (1, 9)) = —(RE((s T w ), (8, 0))vexv
for all (v, ¢) € V. With this, update

u,/:,i _ b(sk,i—l) + LZ,I’(Sk,i _ Sk,i—l).
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Double split formulation: adaptive choice of M

Given i >0 and s) = si_1,s, ' € L*(Q), at iteration i one finds (s, w;) € V s.t.
(57— S W Wk, (5,6) = —(RA((SH wRT), (8, 0w v
for all (v, ¢) € V. With this, update
ubi = p(sMiTY) 4 Lli(shi _ ghiv1y,
Define the linearisation error

gi _ ||(sk,f _ sk,i717 Wk,l' _ Wk,/*l)HLl_7

) ) N1/2
and, with 4% := (LZ"/LE") , the indicators

. . . . N -1 . .
TIIﬂ: — ‘ 7k‘,,(Wk,,—l B B(Sk,:—l))i (vk,,) (uk1:—1 B b(Sk"l_l))H.

Theorem (a-posteriori estimate). Let L";,, > O give the boundedness of aj, then

. . . .1, ,
EN < IR w1 < £54€7, and (m—n ) <E < S0k ).
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Double split formulation: adaptive choice of M

Given i >0 and s) = si_1,s, ' € L*(Q), at iteration i one finds (s, w;) € V s.t.
(57— S W Wk, (5,6) = —(RA((SH wRT), (8, 0w v
for all (v, ¢) € V. With this, update
ubi = p(sMiTY) 4 Lli(shi _ ghiv1y,
Define the linearisation error

gi _ ||(sk,f _ sk,i717 Wk,l' _ Wk,/*l)HLl_7

) ) N1/2
and, with 4% := (LZ"/LE") , the indicators

. , . . N -1 . .
e = ‘ 7k‘,,(Wk,,—l B B(Sk,:—l))i (vk,,) (uk1:—1 B b(Sk"l_l))H.
Theorem (a-posteriori estimate). Let L";,, P O give the boundedness of aj, then
. . . A .
EN < IR w1 < £54€7, and (m —nl) <E < S0 +nh),
Rem: Fully computable; choose M minimizing 7, + 71" ("adaptive”).
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Numerical example: Richards equation

Domain and coefficient functions:
1. Q=(-8,8)? (d=1or?2)

2. With m=0.8, n= 1,

ke(0) = 61%(1 = (1 — 6"™)™)?, and O(y) = { (t+ (_W)_:: zi ; gf

The mapping ® and the functions b and B are determined by quadrature

2

n

Function values
o
b -

o
o,
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Richards: average number of iterations

50 50 50
& te-M scheme & te-M scheme B =M scheme
% 401e-N scheme # 407k MAdap scheme, % 4011y MAdap scheme|
£ gpl-MAdap scheme| 8 5o jt=N scheme £ g =N scheme
L o L
220 220 Z20
10 Lt T ] T B0 1o
Rl =10 mxmmAmas R0
- - - = - -
. Pf' | . '.‘_.T-" \
o 100 200 300 400 0 100 200 300 400 0 100 200 300 400
1/h 1/h 1/h
(A) T=10"1 (B) T =10-15 () T=10"2
40 40 40
& --M scheme = =M scheme o --M scheme
29 = N scheme %30 N scheme % 30 + N scheme
2 -+ MAdap schemel i FeMAdap scheme ‘é --MAdap scheme|
520 J‘mﬁm ......... W‘EQO f ;Eﬁ
s 10 10— issstssseriessessens 20 10
3 2 ' ! ! =
' ) ] ] | I i I
o] ] 0
Q 5 10 15 0 5 10 15 0 5 10 15
1/h 1/h 1/h
(n) T=10"" () 7=10"15 (F) T=10"2

Average number of iterations per time step, different 7 and h, d =1 (upper row)

and d =2 (lower row)
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Richards with gravity: convergence behaviour

=e=)M 1=50
(0] - N 1=50
h MAdap 1=50
=¢=Mval (MAdap 1=50)

0 10 20 30 40 50
number of iterations

Convergence behaviour for 7 = 0.1 and h = 0.002 (d = 1), case with convection:

Newton diverges, M slows down, adaptive M - rapid decay (see the values of M)
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Richards, no gravity: convergence behaviour

50
A ~-M scheme
2 40 [1=-N scheme
E 301" -MAdap scheme
—
£ 20 _annnn™™
bn oy 2]
> A
<10 e

-
0
0 500 1000
1/h

Convergence behaviour, 7 = 0.1 (d = 1): different h values increasing number of

logyy (Eﬁx.n)

2 T |
=M =100
0 La-N 1=100
) f MAdap 1=100 |
Y Lo-Mval (MAdap 1=100)
4 |—Seey, LY \
':‘""“" ]
-6 R \
o H &
8 !' : L4
[
10 leb
0 10 20 30 40 50

number of iterations

iterations (left); number of iterations for h = 0.001 (right)
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Motivation

Application: variably saturated flow in porous media
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» Linear iterative schemes
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Space-time discretisation (adaptivity & linearisation)
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Space-time approach

Doubly degenerate equation in
the space-time domain

QR=(0,T)xQ
Oib(s) = AB(s)+f in Q,

with initial and boundary
conditions
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Space-time approach

Doubly degenerate equation in
the space-time domain

QR=(0,T)xQ
Oib(s) = AB(s)+f in Q,

with initial and boundary
conditions

» Degeneracy: regions where b’ =0
or B’ = 0 change in space and time
(depending on the solution s).
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Space-time approach

Doubly deg_enerate equation in » Degeneracy: regions where b’ = 0
the space-time domain or B’ = 0 change in space and time
Q=(0,T)xQ (depending on the solution s).

» Moving fronts, not known a priori

Oib(s) = AB(s) + f in Q, (free boundaries).

with initial and boundary
conditions

| > | UHASSELT



Space-time approach

Doubly degenerate equation in
the space-time domain

QR=(0,T)xQ
Oib(s) = AB(s)+f in Q,

with initial and boundary
conditions
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Degeneracy: regions where b’ =0
or B’ = 0 change in space and time
(depending on the solution s).
Moving fronts, not known a priori
(free boundaries).

Small At and h - only near fronts.
Sharp gradients = small At, h;
smooth regions = large At, h.
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the space-time domain or B’ = 0 change in space and time
Q=(0,T)xQ (depending on the solution s).

» Moving fronts, not known a priori
(free boundaries).

» Small At and h - only near fronts.
Sharp gradients = small At, h;
smooth regions = large At, h.

Oib(s) = AB(s)+f in Q,

with initial and boundary
conditions

» Standard time stepping:
the chice of At is dictated by the
globally low regularity of the
solution.
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Space-time approach

Doubly deg_enerate equation in » Degeneracy: regions where b’ = 0
the space-time domain or B’ = 0 change in space and time
Q=(0,T)xQ (depending on the solution s).

» Moving fronts, not known a priori
(free boundaries).

» Small At and h - only near fronts.
Sharp gradients = small At, h;
smooth regions = large At, h.

Oib(s) = AB(s)+f in Q,

with initial and boundary
conditions

Idea: >
adaptive space - time elements
linear iterations

Standard time stepping:
the chice of At is dictated by the
globally low regularity of the

decide: iteration vs. refinement .
solution.
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The space-time L-scheme

Time derivative Diffusion term
b(s) b(s") + L(s™1 —s) B(s) B(s") + L(s" — s)

Idea: Linearize b(s) and B(s) around s’ with a stabilization parameter
L > 1, ensuring robustness and convergence.

2 Javed, Mitra, P. '26
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Time derivative Diffusion term
b(s) b(s") + L(s™1 —s) B(s) B(s") + L(s" — s)

Idea: Linearize b(s) and B(s) around s’ with a stabilization parameter
L > 1, ensuring robustness and convergence.

Space-time L-scheme:

fJ<at( L™ =)+ (), <p>

= b(s)

| V(U =)+ B ), Ve | = [, 0)

=~ B(s)
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The space-time L-scheme

Time derivative Diffusion term
b(s) b(s") + L(s™1 —s) B(s) B(s") + L(s" — s)

Idea: Linearize b(s) and B(s) around s’ with a stabilization parameter
L > 1, ensuring robustness and convergence.

Space-time L-scheme:

fJ<at( L™ =)+ (), <p>

= b(s)

| V(U =)+ B ), Ve | = [, 0)

=~ B(s)

Thm?: b(s') = b(s) in L2(0, T; H™Y), [ B(s') = [y B(s) in L>(0, T; L?)

2 Javed, Mitra, P. '26
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Convergence behaviour (fixed mesh)

Ng 100 - —=— [ (fixed mesh)
= . —— M (fixed mesh)
= 1071

"

Ne2

S 1072

|

1073

.y

B 10

=

— 1075

0 20 40 60 80 100
Iteration number
Iteration error, L-scheme vs. (regularised) Newton: note the stagnation
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Convergence behaviour (fixed mesh)

Ng 100 - —=— [ (fixed mesh)
= . —— M (fixed mesh)
= 1071
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Ne2
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|

1073
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— 1075

0 20 40 60 80 100
Iteration number
Iteration error, L-scheme vs. (regularised) Newton: note the stagnation
. 2 . 4
Idea: estimate [£(s')]” = L?||s""" — s'||3, by the error components

i+1

gliin = |‘5;;J;1_SII|V?E§SC(SLJ;1) = ( iZ(O,T;H*I(Q)) + L2||ShT

‘Rhn(s;',ﬂ s')

© - sl?)*
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Convergence behaviour (fixed mesh)

Ng 100 - —=— [ (fixed mesh)

= —— M (fixed mesh)

= 10!

2

Ne2

S 1072

|

1073

.y

& 107

=

— 10751+ T T T T T
0 20 40 60 80 100

Iteration number
Iteration error, L-scheme vs. (regularised) Newton: note the stagnation
Idea: estimate [5(5’)]2 = [?||s™ — 5|3, by the error components

1
; 3
i2(0,T;H*1(Q)) + L||sht1(0) — 50H2)

‘Rhn(s;',ﬂ s')

Ehn 1= it~/ Elbe (52 =

S(Si) < &l + LEL, (Reliability) — no error goes undetected

(Efficiency) — no unnecessary refinement
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space-time mesh

Porous medium equation (1D)

S
SANDRE

NAAR
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PME(1D): computational cost and error decay

310
£
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2 #  Uni refinement H #  Uni refinement
1 S 107

- |

= 2

s g

1072 107

0 20 40 60 80 100 0 20 40 60 80 100
Iteration number Iteration number

| > | UHASSELT



PME(2D): mesh, cost and error decay

= — = == Adapt-L
~ - ~ fixed

5 S —s— L (fixed mesh
S wr \ X 10 o v
5 = ©  Adapt refinement
= = % Uni refinement
2 == Adapt-L 2
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R O Adapt refinement Q,, 2
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_ %  Uni refinement "On, = 0,

10° 107 0 6 12 18 24 30 36 42 48
Cost(i, £) Tteration number
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Conclusions and perspectives

» Degenerate parabolic problems
» Euler implicit approach
» Adaptive linearization scheme:

> robust scheme (no restrictions on the initial guess);
» mild condition on the time step;

> any space discretisation (M)FEM, FV, MPFA, dG, GDM...

mesh.
» Adaptive space-time discretisation & linearisation

> Rigorous convergence results, degenerate cases (fast and slow
diffusion)

» More complex models, multi-phase flows, non-equilibrium
» Domain decomposition

» Mixed-dimensional models

and
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