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Turbulence: The Energy Cascade

Larg_;e scales (energy-containing) > Small scales (dissipation range)

Large eddies Medium eddies Small eddies
(injection) (energy transfer) (dissipation)
Size ~ L Size ~ intermediate scales Size ~ Kolmogorov scale n
Energy input Break up into smaller eddies Viscous dissipation

(e.g. wind, stirring, shear) Nonlinear interactions (converted to heat)



Large-Eddy Simulation

Larg_;e scales (energy-containing) > Small scales (dissipation range)
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Interpolation Filter-based FVM Truncation error
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FVM Adding neighbours Truncation error
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FVM

LES
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FVM
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No difference between truncation error and closure model if



Viscous flux
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subgrid modeling and discretization are intrinsically linked



Two filters
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Grid filter
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Orthogonal decomposition of function space




Finite volume space
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A o — sub-grid scales are not produced
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Large and small super-grid scales
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Modeling assumption: convection-diffusion balance
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Decaying Burgers’ turbulence (¢ = u) without model

1071 N~

E(k)

10-11 ————r ————ry — . ——rr
10° 101 102 103 104

Test-case from Maulik and San, 2018
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Theoretical Foundation: Bounded Variation (BV)

In the nonlinear regime, L2-stability is too weak to imply convergence:

L? —stability + consistency \ oy — @

Energy-stability does not control the redistribution of energy in oscillatory modes

Variation-control is the missing ingredient:
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Bounded Variation

Cf. Eymand, Gallouet, Herbin: “Finite Volume Methods”



Theoretical Foundation: Bounded Variation (BV)

In the nonlinear regime, L2-stability is too weak to imply convergence:

L? —stability + consistency \ oy — @

Energy-stability does not control the redistribution of energy in oscillatory modes

Variation-control is the missing ingredient:
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BV: bound on ¢; controls oscillations



Unified Mathematical-Physical Interpretation

Physics of Turbulence:
Energy and its dissipation:  L2-norm

Maths of Nonlinear PDEs:

Bounded Variation: L1-norm



Bounded-Variation Model
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3D generalization using anisotropic interpolation filters
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Tensorial interpolation filter
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Tensorial filters



Grid filter

Tensorial filter
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Filtering, modeling and discretization are
integrated

Closure and truncation become equivalent
in FVM-based LES

BV modeling provides nonlinear stability
and convergence

Filter

Pathway towards unified 3D LES
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