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▶ Various topics in modeling and PDEs
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Outline

Ultimate aim: (Provably) optimal adaptive solvers —known for elliptic problems—
for time-dependent problems.

1 Motivation: Recap of results for elliptic problems

2 Time-marching schemes for parabolic problems

3 Simultaneous space-time variational formulations and minimal residual methods
‘Canonical’ spaces
Fractional spaces
First order system

4 Nonlinear spatial PDOs

Rob Stevenson (Korteweg-de Vries Institute) Monolithic solvers for parabolic PDEs 4 / 26



Adaptivity for elliptic problems I

Variational formulation: Given f ∈ V ′, a : V × V → R bilinear, bounded,
coercive, search u ∈ V

a(u, v) = f (v) (v ∈ V )⇐⇒ Au = f ,

with (Au)(v) := a(u, v) (e.g.
∫

Ω∇u • ∇v dx).

1
C ‖f ‖V ′ ≤ ‖u‖V ≤ 1

α‖f ‖V ′ . Well-posedness.

Galerkin: uh ∈ Vh ⊂ V ,

a(uh, vh) = f (vh) (vh ∈ Vh).

Cea’s lemma:

‖u − uh‖V ≤
C

α
inf

vh∈Vh

‖u − vh‖V . Quasi-best approximation.
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Adaptivity for elliptic problems II
For Ω ⊂ Rd , let V = H1

0 (Ω). Vh f.e. space of degree p w.r.t. quasi-uniform
mesh, mesh-size h.

inf
vh∈Vh

‖u − vh‖H1(Ω) . hp‖u‖Hp+1(Ω). N := dimVh h h−d

Cea ‖u − uh‖H1(Ω) . N−
p
d ‖u‖Hp+1(Ω).

u ∈ Hp+1(Ω) requires ∂Ω and f to be smooth.
For d = 2, and Ω with re-entrant corner of angle π

β with β ∈ [ 12 , 1), gen. at

best u ∈ H1+β−ε(Ω). With quasi-unif. meshes, rate p
d reduces to β

d .
For smooth f , maximal rate p

d can be retrieved by local refinement of mesh
towards corner (Dahlke & DeVore ’97) (not true for d > 2)
Such a (seq. of) mesh(es) can be found by AFEM (SOLVE → ESTIMATE →

MARK → REFINE) using a suitable a posteriori error estimator:

Theorem 1
Whenever u can be approximated by f.e. functions at rate s ∈ (0, pd ], Galerkin
solutions by AFEM converge with this (optimal) rate s (in linear complexity).
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Time-marching schemes for parabolic problems I

{du
dt (t) + A(t)u(t) = `(t) t ∈ J := (0,T ),

u(0) = u0,

A(t) ∈ L(V ,V ′) coercive (e.g. V = H1
0 (Ω), A(t) ≡ A, (Au)(v) =

∫
Ω∇u • ∇v dx).

Semi-discr.-in-space: Vh ⊂ V , say cont. piecewise lin., search uh(t) ∈ Vh,
{
〈duh

dt (t), vh〉L2(Ω) + (A(t)uh(t))(vh) = 〈`(t), vh〉L2(Ω) vh ∈ Vh, t ∈ J,

〈uh(0), vh〉L2(Ω) = 〈u0, vh〉L2(Ω) vh ∈ Vh.

Finite-difference-in-time (here Crank-Nicolson). Time step k , tn := nk, for
n = 1, 2, . . ., approx. u(tn) by Un ∈ Vh from
{
〈Un−Un−1

k , vh〉L2(Ω)+(A(t)
1
2 (U

n+Un−1))(vh) =〈`( tn+tn−1
2 ), vh〉L2(Ω) vh ∈ Vh,

〈U0, vh〉L2(Ω) =〈u0, vh〉L2(Ω) vh ∈ Vh.
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Time-marching schemes for parabolic problems II

Theorem 2
Let u0 ∈ H2(Ω) ∩H1

0 (Ω) (compatibility). Then

‖Un − u(tn)‖L2(Ω) . h2(‖u0‖H2(Ω) +
∫ tn

0
‖du

dt ‖H2(Ω) dt
)

+ k2(
∫ tn

0
‖d3u

dt3 ‖L2(Ω) + ‖∆x
d2u
dt2 ‖L2(Ω) dt

)
.

(Thomée ’96)

So for h h k maximal rate, but under (severe) regularity conditions only.
No quasi-best approximation result.
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‘Canonical’ space-time variational formulation
{du

dt (t) + A(t)u(t) = `(t) t ∈ J := (0,T ),
u(0) = u0,

A(t) ∈ L(V ,V ′) coercive, `(t) ∈ V ′, u0 ∈ H, where V ↪→ H ' H ′ ↪→ V ′.

∫∫

J×Ω

du
dt (t, x)v(t, x)dt dx

︸ ︷︷ ︸
(dtu)(v ):=

+
∫

J

e.g.
∫

Ω∇xu(t,x)•∇xv (t,x)dx︷ ︸︸ ︷
(A(t)(u(t))(v(t))dt

︸ ︷︷ ︸
(Au)(v ):=

=
∫∫

J×Ω
`(t, x)v(t, x)dt dx

︸ ︷︷ ︸
(`u)(v ):=

With X := L2(J;V ) ∩H1(J;V ′) , Y := L2(J;V ) , B := dt +A ∈ L(X ,Y ′).

I X ↪→ C (J;H), i.e. γt := w 7→ w(t, ·) ∈ L(X ,H).

I With Be := (B,γ0)
>, solve Beu = (`, u0)

> .

Theorem 3 (Well-posedness)
Be ∈ Lis(X ,Y ′ ×H) (Lions & Magenes ’72)

I
∫
J
du
dt v+u dv

dt dt=
∫
J

d(uv)
dt dt=u(T)v(T)−u(0)v(0) dt + d′t = γ′T γT − γ′0γ0 .
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Minimal residual method I

Beu = (`, u0)
> well-posed, but Y ′ ×H 6= X ′  no Galerkin.

u = argmin
w∈X

‖`− Bw‖2Y ′ + ‖u0 − γ0w‖2H .

(For simpl.) let A = A′, equip Y = L2(J;V ) with ‖ • ‖Y := (A•)(•) 1
2 .

Eq. for uniq. stat. pt.

(B ′A−1B + γ′0γ0)u = B ′A−1`+ γ′0u0.

With λ := A−1(`− Bu) ∈ Y (= 0), equiv. saddle-point system
[A B
B ′ −γ′0γ0

] [
λ
u

]
=

[
`

−γ′0u0

]
.

Operator at lhs ∈ Lis(Y × X ,Y ′ × X ′).

Families (X δ)δ∈∆ ⊂ X , (Y δ)δ∈∆ ⊂ Y of ‘trial’- and ‘test’-spaces. Denoting
inclusions X δ ⊂ X , Y δ ⊂ Y by E δ

X and E δ
Y , Galerkin systems

[ Aδ Bδ

(Bδ)′ −(γδ
0)
′γδ

0

] [
λδ

uδ

]
=

[
(E δ

Y )
′`

−(γδ
0)
′u0

]
. (MRδ)

Aδ := (E δ
Y )
′AE δ

Y , Bδ := (E δ
Y )
′BE δ

X , γδ
0 := γ0E

δ
X .
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Minimal residual method II

For any X δ ⊂ Y δ (MRδ) is inf-sup stable. Needed: uniform inf-sup stability.

Theorem 4 (Quasi-best approx.)
Set

γδ := inf
{w∈X δ : dtw 6=0}

supy∈Y δ
(dtw )(y )
‖y‖Y

‖dtw‖Y ′
,

If γ∆ := infδ∈∆ γδ > 0, then

‖u − E δ
Xu

δ‖X ≤
1

γ∆
inf

w∈X δ
‖u − E δ

Xw‖X .
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The uniform inf-sup condition γ∆ > 0 I

Lemma 5 (tensor product setting, Andreev 2013)

Let X δ = X δ
t ⊗ X δ

x , Y δ = Y δ
t ⊗ Y δ

x . Then γ∆ ≥ γ∆,tγ∆,x , where

γ∆,t := inf
δ∈∆

inf
{z∈X δ

t : z ′ 6=0}

sup0 6=v∈Y δ
t

∫
J z
′ v dt

‖v‖L2(J)
‖z ′‖L2(J)

, γ∆,x := inf
δ∈∆

inf
0 6=z∈X δ

x

sup0 6=v∈Y δ
x

〈z,v 〉H
‖v‖V

‖z‖V ′
.

I γ∆,t = 1 when dX δ
t ⊂ Y δ

t .

I For Y δ
x = X δ

x , γ∆,x = infδ∈∆ ‖Qδ‖−1
L(V ,V )

with Qδ H-orth. proj. onto X δ
x .

I For (H,V ) = (L2(Ω),H1
0 (Ω)), Ω ⊂ Rd and d < 7, γ∆,x > 0 for the families

of Lagrange finite element spaces of arbitrary degree w.r.t. all conforming
simplicial meshes that can be created by newest vertex bisection from an initial
mesh (Diening, Storn & Tscherpel 2025).
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The uniform inf-sup condition γ∆ > 0 II

Unif. inf-sup for tensor product setting
t

generalizes to time-slab setting t

but not to partitions with ‘local time-steps’
(at least not for dimY δ . dimX δ)

t

(In d-dims, prismatic partitions, i.e., intervals–in–time × d-simplices–in–space)
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A data-dependent condition for quasi-best approx.

Unif. inf-sup gives quasi-best approx. uniformly in all data (`, u0) ∈ Y ′ ×H.
Inspired by Cohen, Dahmen & Welper 2012, here a condition for data at hand:

Theorem 6

Given (`, u0) ∈ Y ′ ×H, let (λδ, uδ) ∈ Y δ × X δ be the solution of (MRδ).
With λδ := A−1(`− Buδ), for some $ ≥ 0 let

‖λδ − λδ‖Y ≤ $

√
‖λδ‖2Y + (1+ 1

($+ 1
2 )

2 )‖u0 − γ0uδ‖2H ). (apostδ)

Then
‖u − uδ‖X ≤

√
$2 + 9$+4

4$+4 inf
ūδ∈X δ

‖u − ūδ‖X .

Moreover, with η(δ)2 := ‖λδ‖2
Y δ + ‖u0 − γ0u

δ‖2H ,

η(δ)2 ≤ ‖u − uδ‖2X ≤
(
1+ $2(1+ 1

($+ 1
2 )

2 )
)
η(δ)2.
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Double adaptivity

For family (P δ)δ∈∆ prismatic partitions of J ×Ω, and p ∈N,

X δ := X ∩Qp,p(P δ),

and for some P δ � P δ, Y δ := Y ∩Qp,p(P δ).

double-adaptive solver(`, u0)
δ = δ := δ0. Select constant $ > 0.
(I) solve (λδ, uδ) ∈ Y δ × X δ from (MRδ).
if ¬ (apostδ)
then enrich P δ by mark & refine on (a post. err. est. for) ‖λδ − λδ‖2Y .

goto (I)
else enrich P δ by mark & refine on η(δ)2. P δ := P δ, goto (I).
endif
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Numerics

Heat eq. Ω = (0, 1)2. ` = 0, u0(x , y) =
√
(x − 1

2 )
2 + (y − 1

2 )
2 sinπx sinπy .

For p ∈ {1, 2, 3}, X δ = X ∩Qp,p(P δ), Y δ = Y ∩Qp,p(P δ). No inner
refinements were made, so P δ = P δ. Maximal rate p/3.
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Numerics

Direct solver.
So far optimal preconditioner only for tensor product case. Superior parallel

complexity compared to Parareal (Westerdiep & van Venetië 2022).
Monolithic methods require more memory. Disadvantage vanishes when whole

time evolution is needed simultaneously, as with optimal control.
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Other space-time formulations: Fractional spaces

B = dt +A, Be =
(
B,γ0

)> ∈ Lis
(
L2(J;V ) ∩H1(J;V ), L2(J;V )′ ×H

)
.

For hom. init. cond., with H1
0,(J) := {v ∈ H1(J) : v(0) = 0},

B ∈ Lis
(
L2(J;V ) ∩H1

0,(J;V
′), L2(J;V )′

)
.

Int-by-parts over time shows, with H1
,0(J) := {v ∈ H1(J) : v(T ) = 0},

B ∈ Lis
(
L2(J;V ),

(
L2(J;V ) ∩H1

,0(J;V
′)
)′)

.

Real interpolation shows∗

B ∈ Lis
(
L2(J;V ) ∩H1/2

0, (J;H),
(
L2(J;V ) ∩H1/2

,0 (J;H)
)′)

.

For arb. init. cond. u0 ∈ H,

Be ∈Lis
(

↪→L2(J;V )∩H1/2(J;H)︷ ︸︸ ︷
L2(J;V ) ∩H1/2

0, (J;H) + L2(J;V ) ∩H1(J;V ),

(
L2(J;V ) ∩H1/2

,0 (J;H)
)′ ×H

)
.

∗Fontes 2009, St. & Schwab 2017, Steinbach & Zank 2020
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Fractional spaces: Num. approx.

Minimal residual method  saddle-point.

With H := L2(Ω), V := H1
0 (Ω), unif. inf-sup stability for trial and test spaces

being f.e. spaces w.r.t. same, general prismatic partition, assuming that prisms P
are parabolically scaled, i.e. P = IP × TP with diam IP h diamT 2

P .

(Near)-optimal preconditioner.

Roughly speaking: parabolic scaling compensates for anisotropic character
L2(J;H

1
0 (Ω)) ∩H1/2··· (J; L2(Ω))
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Fractional spaces: Numerics

Heat eq. Ω = (0, 1)2, X δ = C (J ×Ω) ∩ L2(J;H
1
0 (Ω)) ∩Qpt ,px (P δ), pt = 1,

px ∈ {1, 3}. Maximal rates { 1
4 ,

3
4}.

Data ` = 0, u0 = 1.
QUASI-OPTIMAL FEM FOR PARABOLIC PROBLEMS 31

101 103 105

10−1

100
px = 1

px = 3

Figure 5. Left. Convergence history of the residual η(T ) plotted
against ndof = dim Uh for the experiment in Section 8.3 (Rough
initial data) with uniform (solid) and adaptive (dotted) refine-

ments. The dashed line indicates the rate ndof−2/5, the dash-

dotted line ndof−1/8, and the dotted line ndof−1/4.
Right. The surface of the mesh resulting from the experiment with
px = 3 and ndof = 13 688.

ndof−0.14 for uniform and adaptive refinements, respectively. In contrast, the con-
vergence history shown in Figure 5 demonstrates a remarkable improvement using
our novel approach. This illustrates the advantages when using parabolic scaling
and furthermore indicates that the norms used in the papers mentioned before are
too strong for these kind of highly singular solutions. We obtain convergence rates

of ndof−1/8 and ndof−1/4 for px = 1 with uniform and adaptive refinements, respec-

tively, and rates of ndof−1/8 and ndof−2/5 for px = 3. Notably, the rate achieved
by the adaptive scheme for px = 1 appears to be optimal.

8.4. Fundamental solution. This experiment aims at the approximation of the
fundamental solution to the heat equation

(8.1) u(t, x) =
1

4π(t + ts)
exp

(
− |x|

4(t + ts)

)
with time shift ts := 10−3.

We included the time shift ts to obtain initial data u0 := u(0, •) in L2(Ω). The right-
hand side reads f = 0 and we use the inhomogeneous Dirichlet boundary condition
dictated by (8.1) on the lateral boundary of the time-space cylinder Q = J × Ω
with J = (0, 1) and Ω = (−1, 1)2. Figure 6 displays the resulting convergence
history plot of the residuals. As for the experiment in Section 8.1, our marking
strategy causes the refinement of solely a few elements. We remedied this by using
the contribution η̃2(K) := max{η2(K), 0} for all K ∈ T as refinement indicator in
the Dörfler marking strategy, leading to residuals illustrated by dashed lines.

The adaptive refinement leads to significantly improved results. However, the

rate for px = 1 seems to be slightly worse that ndof−1/4 which should be the optimal
rate. This can be a pre-asymptotic effect caused by the fact that the quadrature
of the initial data u0 improves as the mesh is refined. For px = 3 the rate of
convergence seems to be approximately twice as good, which is similar to the rate
in the experiment of Section 8.3.

Dashed-dotted, dotted, dashed corr. to { 1
8 ,

1
4 ,

2
5}.
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Other space-time formulations: FOSLS I

For (`, u0) ∈ L2(J;H
−1(Ω))× L2(Ω),




du
dt − ∆xu = ` J ×Ω †

u = 0 J × ∂Ω
u(0, •) = u0 Ω

Write ` = `1+divx ~̀2 for (`1,~̀2)∈L2(Ω)×L2(Ω)d .
Then ~u = (u1, ~u2) := (u,−∇xu −~̀2) satisf.

G~u :=




du1
dt + divx~u2
−~u2 −∇xu1

u1(0, •)


 =




`1
~̀2
u0


 , u1|J×∂Ω = 0.

Theorem 7 (Führer & Karkulik 2021, Gantner & St. 2021)

For U := {~u = (u1,~u2) ∈ L2(J;H
1
0 (Ω))× L2(J ×Ω)d : div~u︸︷︷︸

du1
dt +divx ~u2

∈ L2(J ×Ω)}

with graph-norm, G ∈ Lis
(
U, L2(J ×Ω)× L2(J ×Ω)d × L2(Ω)

)
.

†gener. of −∆x possible
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Other space-time formulations: FOSLS II

Corollary 8 (quasi-best approx.)

For any finite dimensional finite dimensional Uδ ⊂ U, and

~uδ := argmin
~w∈Uδ

‖G~w − (`1,~̀2, u0)‖2L2(J×Ω)×L2(J×Ω)d×L2(Ω),

‖~u −~uδ‖U ≤ ‖G‖‖G−1‖ inf
~w∈Uδ

‖~u − ~w‖U .

Moreover,

‖~u −~uδ‖U h ‖(`1,~̀2, u0)− G~uδ‖L2(J×Ω)×L2(J×Ω)d×L2(Ω).

Construction of optimal preconditioner WIP.
Because of presence ‖ div •‖L2(J×Ω) in graph-norm, norm on U is stronger than

those in previous two formulations.
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Nonlinear spatial operators

V ↪→ H ' H ′ ↪→ V ′, A(t) : V → V ′, `(t) ∈ V ′, u0 ∈ H,
{du

dt (t) + A(t)u(t) = `(t) t ∈ J := (0,T ),
u(0) = u0,

∫∫

J×Ω

du
dt (t, x)v(t, x)dt dx

︸ ︷︷ ︸
(dtu)(v ):=

+
∫

J
(A(t)(u(t))(v(t))dt

︸ ︷︷ ︸
(Au)(v ):=

=
∫∫

J×Ω
`(t, x)v(t, x)dt dx

︸ ︷︷ ︸
(`u)(v ):=

X := L2(J;V ) ∩H1(J;V ′), Y := L2(J;V ), B := dt +A : X → Y ′.
I With Be := (B,γ0)

>, solve Beu = (`, u0)
>.

Theorem 9 (Zeidler (’90))
If A : Y → Y ′ is monotone, hemicontinuous, coercive, and bounded, then
Be : X → Y ′ ×H is invertible.

Theorem 10
If A : Y → Y ′ is Lipschitz continuous, and strongly monotone, then
B−1
e : Y ′ ×H → X is Lipschitz continuous.
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Application: Quasi-linear parabolic PDE

Generalize du
dt − divx ∇xu to du

dt − divx µ(t, x , |∇xu|2)∇xu, i.e.,

(Au)(v) :=
∫∫

J×Ω
µ(t, x , |∇xu|2)∇xu • ∇xv dx dt

[Zeidler (’90)]: If, for some mµ,Mµ > 0,

mµ(r − s) ≤ µ(•, •, r2)r − µ(•, •, s2)s ≤ Mµ(r − s) (r ≥ s ≥ 0),

then A : Y → Y ′ is Lip. cont. & str. mon.
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Numerical approx.

Minimal residual functional can have multiple local minima, so not suited.
Inspired by Brézis & Ekeland (’76), Nayroles (’76), we consider

[A dt

d′t −(A+ γ′T γT )

] [
θ
u

]
=

[
`

−(`+ γ′0u0)

]
. (BEN)

Map Y × X → Y ′ × X ′ is Lip., with Lip. inverse.
dt + d′t = γ′T γT − γ′0γ0  θ = u = B−1

e (`, u0)
> (consistency).

For Y δ ⊂ Y , X δ ⊂ X , (BENδ) has unique sol. (θδ, uδ). ‡

If X δ ⊂ Y δ and if γ∆ > 0, then

‖u − E δ
Xu

δ‖X . inf
w∈X δ

‖u − E δ
Xw‖X (quasi-best approx.)

Otherwise data-dependent optimality condition applies, which is enforced in
double adaptivity loop.
Nonlinear (BENδ) system solvable by Uzawa-Zarantonello iteration.

‡For X δ ⊂ Y δ, and A linear, with λδ := θδ − uδ, (λδ, uδ) solves (MRδ)!
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Conclusion

We’ve seen several space-time methods for parabolic problems that give
quasi-optimal approximations (either unconditionally, or under uniform inf-sup
condition, or by adaptive selection test space).

Methods come with a posteriori error estimator, which induces an AFEM.

Adaptivity improves rates for singular solutions. Optimal rates not (yet)
demonstrated.

Optimal preconditioners so far for tensor product trial spaces.

Extension to parabolic problems with Lipschitz continuous and strongly
monotone spatial PDOs.

Solving problems in d + 1 dimensions requires more memory, but it can be
advantageous for parallel computing.
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Thank you for your attention / patience.

The End

Rob Stevenson (Korteweg-de Vries Institute) Monolithic solvers for parabolic PDEs 26 / 26


	Motivation: Recap of results for elliptic problems
	Time-marching schemes for parabolic problems
	Simultaneous space-time variational formulations and minimal residual methods
	`Canonical' spaces
	Fractional spaces
	First order system

	Nonlinear spatial PDOs

